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The orderedisorder phase transition in thin ﬁlms at ﬁnite temperature and zero temperature (quantum
phase transition) is discussed within the transverse Ising model using molecular ﬁeld approximation.
Experimentally, it is shown that the Curie temperature TC of perovskite PbTiO3 ultra-thin ﬁlm decreases
with decreasing ﬁlm thickness. We obtain an equation for TC of thin ﬁlm in external magnetic and
transverse ﬁelds. Our equation explains well for the case of strong transverse strain ﬁeld this behaviour.
© 2016 The Authors. Publishing services by Elsevier B.V. on behalf of Vietnam National University, Hanoi.
This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).1. Introduction
Nanoscale materials like ferroelectric (FE) and ferromagnetic
(FM) ultra-thin ﬁlms now are important classes of materials which
have been used for making of new electronic devices (see reviews
[1,2]). In order to understand properties of thin ﬁlms, some tradi-
tional models for bulks like Heisenberg, XY, Ising one are applied
and solved by different theoretical methods (see for example, re-
view [3] on the case of frustrated thin ﬁlms). According to the
MermineWagner theorem [4], 2D Heisenberg model with isotropic
short range exchange interaction has no long range order at ﬁnite
nonzero temperature. Thin ﬁlms are quasi two dimension case
when the condition of the MermineWagner theorem may be
violated by presence of anisotropic exchange between layers,
crystallographic anisotropy … Among anisotropic models, the
transverse Ising model (TIM) plays essential role because of its
simplicity and usefulness for explanation of wide classes of phase
transitions including quantum phase transition [5]. De Gennes
ﬁrstly introduced the transverse Ising spin 1/2 model for descrip-
tion of FE phase of KDP [6]. TIM is solved exactly for one dimen-
sional spin 1/2 chain [5], but not for the 2D and thin ﬁlm cases.
Several authors have used TIM for calculation of such as: thin ﬁlmsonal University, Hanoi.
y Elsevier B.V. on behalf of Vietnamand FE particles within MFA [7,8]; FM magnetization in a thin ﬁlm
within effective ﬁeld approximation [9]; inﬂuence of layer defect on
the damping in FE thin ﬁlms [10]. In previous works, nature of
the transversal ﬁeld that plays important role in damping of
orderedisorder phase transition temperature was brieﬂy investi-
gated. Quantum phase transition (QPT) in transverse Ising model
for thin ﬁlms is also not well examined according to our awareness,
even in MFA. Aim of this research is to use TIM for study order-
edisorder phase transitions in thin ﬁlms at ﬁnite and zero (QPT)
temperatures and to describe thickness dependence of the Curie
temperature in ultrathin PbTiO3 ﬁlms within MFA. The QPT case is
derived from ﬁnite temperature results in the limit T/0.
2. Film model and mean ﬁeld approximation
Following [11], we consider cubic spin lattice of a thin ﬁlm,
which consists of n spin layers and there are N spins in every layer.
The Oz axis of the crystallographic coordinate system is directed
perpendicularly to the ﬁlm surfaces and the spin layers are parallel
to xOy plane (see Fig. 1).
A spin position in the lattice is shown by the lattice vector
(denoted by nj) where n is the layer indexðn ¼ 1;…;nÞ, Rj is the
two-component vector denoting the position of the jth spin in this
layer. Vector bz is unit vector directed along Oz axis, and a is the spin
lattice constant (in the rest of this paper, this quantity is taken to be
1 and all the lengths are measured in unit of lattice constant). The
transverse Ising Hamiltonian for the spin ﬁlm system is written as:National University, Hanoi. This is an open access article under the CC BY license
Fig.1. Position vector of a spin rnj ¼ Rj þ anbZ in the cubic spin lattice.
N.T. Niem et al. / Journal of Science: Advanced Materials and Devices 1 (2016) 531e535532H ¼ mh
X
vj
Sznj  U
X
vj
Sxnj 
1
2
X
nj;n0j0
Jnn0

Rj  Rj0

SznjS
z
n0j0 ; (1)
where the ﬁrst (second) term of (1) corresponds to the energy of
the spin system in the longitudinal (transversal) ﬁeld h (U). The
third term is Ising type exchange interaction between spins.
In the mean ﬁeld approximation (MFA), where spin ﬂuctuation
dSznj ¼ Sznj  hSzni is neglected, Hamiltonian (1) is rewritten as
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Brackets 〈…〉 mean the thermodynamic average and b1 ¼ kBT .
The effective ﬁeld hn acting on the spin at the layer n is given by
hn ¼ hþ m1
X
n0
Jnn0 ð0Þ

Szn0

: (3)
Jnn0 ðkÞis a Fourier image of the nearest neighbour (NN) spin ex-
change Jnn0 ðRjÞ. Denoting J (Jp) the exchange strength between in-
plane (out-of-plane) NN spins, one has
Jnn0 ðkÞ ¼ zsJxðkÞdnn0 þ Jp

dn0;nþ1 þ dn0;n1

; (4a)
xðkÞ ¼ 1
zs
X
j
eikRj (4b)
zs (2p) stands for the in-plane (out-of-plane) NN spin number and
zs þ 2p ¼ Z denotes the total NN number for a given spin in the bulk
spin lattice. For simple cubic spin lattice zs ¼ 4 and p ¼ 1. HMF can
be diagonalized easily by thewell-known unitary transformation of
spin operators (see [5])
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nj: (6)2.1. Equations of state at ﬁnite temperature
It is easy to see from the Equation (6) that gn plays a role of an
effective ﬁeld acting on the spin Sz
0
nj similar to hn in the Equation
(2a). One gets the free energy in MFA as
F ¼ 1
b
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Yn ¼ bmgn: (8)
Here and in the following parts we denote average of the spin
components per site at layer n as mzn ¼ hSzni;mxn ¼ hSxni. MFA
equations for components of order parameter of the spin system at
ﬁnite temperature can be found from minimum condition of the
free energy (7)
mzn ¼ hn
gn
bsðYnÞ; (9a)
mxn ¼ U
mgn
bsðYnÞ: (9b)
Here bS(x) is the Brillouin function
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MFA equations of state (9a, b) for components of layer magnetic
moments of thin ﬁlms can be derived in another way by realizing
that in new prime“
0” representation (5)D
Sx
0
nj
E
¼ 0;
D
Sz
0
nj
E
¼ bSðYnÞ: (11)
Close to the orderedisorder phase transition temperature (the
Curie temperature TC), the spin system is unstable and the mag-
netic moment at layer n (proportional to internal molecular ﬁeld) is
small and may be neglected comparing with the longitudinal ﬁeld
h, and transversal ﬁeld U. Then Equation (9a) reduces to
Xn
n0¼1

dnn0  bSðbc f Þf Jnn0 ð0Þ

mzn0 ¼ 0; (12a)
mz;0 ¼ mz;nþ1 ¼ 0; (12b)
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q
; bc ¼ ðkBTcÞ1: (12c)
To have non-trivial solution of the system of linear algebraic
Equation (12a), the determinant of the Toeplitz-type tridiagonal
matrix Dn must be zero,
detDn ¼ det
26666664
a c 0 0 … 0 0
c a c 0 … 0 0
0 c a c … 0 0
: : : : … : :
0 0 0 0 … a c
0 0 0 0 … c a
37777775 ¼ 0; (13a)
where a ¼ 1 bsðbc f ÞzsJ
f
; and c ¼ bsðbc f Þ
Jp
f
: (13b)
Fig. 3. Dependence of the components of the average spin moment per site of
monolayer (n ¼ 1) or symmetric double layer (n ¼ 2) ﬁlms on the relative transversal
ﬁeld strength. UðnÞc is critical transversal ﬁeld given by the formula (17) when h ¼ 0 (see
text).
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of tridiagonal matrix Dn (see for example [12]) and one has
1 ¼ bSðbc f Þ
J
f
h
zs  2ph cos
	 pn
nþ 1

i
: (14)
here n ¼ 1,2,…n. In order to have corresponding expression for 3D
limiting case, when n/∞, it is necessary to chose n ¼ n in (14).
Finally, one obtain the equation for Curie temperature
1 ¼ bSðbc f Þ
J
f
h
zs þ 2ph cos
	 p
nþ 1

i
: (15)
Equation (15) is the explicit MFA equation for the Curie tempera-
ture of TIMwith arbitrary spin comparing with the S¼ 1/2 case [8]. It
is seen from (15) that the Curie temperature is a function of the lon-
gitudinal and transverse ﬁeld f (see (12c)) and anisotropic exchanges.
For the case of small transversal ﬁeld ðU≪kBTcÞ and zero longitu-
dinal ﬁeld ðh ¼ 0; f ¼ UÞ, an expansion for the Brillouin function
bSðxÞ ¼ SðSþ 1Þx=3 may be used, and the formula (15) reduces to
MFA result for Tc of Heisenberg ferromagnetic thin ﬁlms given by [13]
kBTc
J
¼ SðSþ 1Þ
3

zs þ 2ph cos

p
nþ 1

(16)
Formula (16) is also correct for TIM when both ﬁeld energies are
small in comparison with Curie temperature energy ðmh;U≪kBTcÞ.
At some critical value of the transversal ﬁeld, the Curie tem-
perature of the n-layer ﬁlm reduces to zero, TcðUcÞ ¼ 0. One gets for
h ¼ 0 case
Uc
JS
¼ zs þ 2ph cos
	 p
nþ 1


(17)
Denoting DTc ¼ Tbc  Tc ðDUc ¼ Ubc  UcÞ, where the Curie tem-
perature Tbc (the critical transversal ﬁeld U
b
c ) of bulk is obtained
from Equation (16) (Equation (17)) in the n/∞ limit, we can get for
the weak transversal ﬁeld case
kBDTc
J
z
2SðSþ 1Þ
3
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1 cos
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(18a)
kBDTcz
Sþ 1
3
DUc; (18b)
U≪kBTc: (18c)Fig. 2. Temperature dependence of the relative components of the spin moment per site ðmAccording to (18aec), (19) for small transversal ﬁeld, changes of
Curie temperature and critical transversal ﬁeld from their bulk
values are mutual linear dependent.
2.2. Ground state at zero temperature
In order to examine QFT in thin ﬁlms, one needs to obtain the
ground state free energy and equations of states at zero tempera-
ture. Taking limit T/0ðb/∞; bSðbmgnÞ/SÞ in the formulae
(7)e(9a, b), we have
F0 ¼
N
2
X
n;n0
Jnn0 ð0Þmznmzn0  NSm
X
n
gn; (19)
mzn ¼ Shn
gn
; (20)
mxn ¼ SU
mgn
: (21)
We note that expression mzn, mxn ﬁgured in the formulae (19) to
(21) are zero temperature components of the spin moment. From
Equation (20) we can obtain the same formula (17) for the criticalz=S;mx=SÞ for double layer thin ﬁlm with two identical surfaces with h ¼ 0:8; S ¼ 1.
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obtained ﬁrstly for the critical values of transversal ﬁeld of TIM, it is
valid for description of ﬁnite temperature orderedisorder transi-
tion or QPT in both bulk or thin ﬁlms at MFA level.Fig. 4. Thickness dependence of the Curie temperature of cubic spin lattice thin ﬁlms.
Parameters are S ¼ 1, h ¼ 1.8, h ¼ 0 (dashed lines connecting points are drawn for
better view).
Fig. 5. The Curie temperature of several thin ﬁlms as a function of the transversal ﬁeld
(S ¼ 1, h ¼ 1.2, h ¼ 0).
Fig. 6. Dependence of the critical transversal ﬁeld on the ﬁlm thickness for differe3. Numerical calculation and comparison with experiment
for Tc
In this part we perform the numerical calculation for cubic spin
lattice ðzs ¼ 4;p ¼ 1Þ to show inﬂuence of the ﬁelds and other
factors like thickness, anisotropic behaviour of exchanges on the
phase transition in simple cubic spin lattice ultra-thin ﬁlms. All
energy quantities in ﬁgures are expressed in unit of the in-plane
exchange energy J.
Fig. 2 presents the thermomagnetic-plots of the relative spin
components of the symmetric two layer ﬁlms (the plots for
monolayer have similar shapes, but with different TC). One sees that
the increasing transversal ﬁeld leads to a reduction of mz but an
increase in mx. Fig. 3 shows these relative spin components as
functions of the relative transversal ﬁeld at T ¼ 0 or QPT case. The
critical transversal ﬁeld for monolayer (double layer with aniso-
tropic exchanges) is Uð1Þc ¼ 4JS ðUð2Þc ¼ ð4þ hÞJSÞ according to
Equation (17). It is clear that Fig. 3 has general feature for mono-
and double layer ﬁlms (all plots do not depend on the spin S, J, h,
and Z).
Fig. 4 shows the ﬁlm thickness dependence of Curie tempera-
ture calculated by (15) for given ratio of out-of-plane and in-plane
exchanges h. Increase of the transversal ﬁeld causes strong
damping of Curie temperature.
Fig. 5 shows the dependence of the Curie temperature on
transverse ﬁeld strength calculated by (15) for h ¼ 1.2. On sees
increase of the transversal ﬁeld leads to suppression of order in thin
ﬁlms, and there is no order for given thin ﬁlm when U  UC .
Fig. 6 illustrates dependence of the critical transversal ﬁeld UC on
the ﬁlm layer number n for different spin values S ¼ 1 and 3/2
calculated according to Equation (17). The tendency of UC to increase
with ﬁlm thickness is similar to that of the Curie temperature.
Orderedisorder phase transition described by TIM can be used
for description of ferroelectric-paraelectric (FE-PE) phase transition
in FE perovskites where the pseudo-spin has meaning the electrical
dipole moment. Equation (15) and its numerical consequence
expressed in Figs. 4 and 5 may be used to interpret the measured
thickness dependence of the Curie temperature of lead titanate
(PbTiO3) ferroelectric thin ﬁlms (see [14] and cited references
therein). It is well-known that stoichiometric unstrained PbTiO3
bulk has order (FE)edisorder (paraelectric-PE) phase transition
around 763 K. But in the thin ﬁlms where thickness consists from
few to 100 unit cells, there is strong deviation of Tc from its un-
strained bulk value [14] (Tc of ﬁlms varies in the interval
900e500 K). Surface reconstruction of atomic layers observed in
experiment has origin of increasing intrinsic strain with reduction
of the ﬁlm thickness and it is probably sufﬁcient large in few-layernt spin S and anisotropic exchange constant h values: S ¼ 1 (a), S ¼ 3/2 (b).
Fig. 7. Theoretical ﬁtting curve for experimental data of thin perovskite PbTiO3 ﬁlms
[14]. Parameters of theory are: U/J ¼ 6.1, h ¼ 1.75, S ¼ 1, and n is number of unit cells or
number of pseudo-spin layers.
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tween spins is smaller than the perpendicular one. During frame-
work of TIM, one can suggest the ﬁlm in-plane strain to be
equivalent to large, constant transversal ﬁeld U along x direction
in ﬁlm plane. Fig. 7 presents good coincidence between the theo-
retical MFA curve and experimental data for the PbTiO3 perovskite
measured in [14] when parameters are chosen as U/J¼ 6.1, h¼ 1.75,
S ¼ 1.
Investigation on inﬂuence of ﬂuctuation on the local moment
inside thin ﬁlms and Tc beyond MFA using method of [11] is aim of
our future work.
4. Conclusion
In this contribution we have applied the transverse Ising
model for description of the orderedisorder phase transition,
QPT in thin ﬁlms within MFA. The expressions for Curie tem-
perature, and critical transversal ﬁeld are given more explicitlycomparing with previous results. Its usefulness is shown by
application to describe well thickness dependence of the Curie
temperature observed experimentally in PbTiO3 perovskite thin
ﬁlms.Acknowledgement
The authors thank NAFOSTED grant 103.02-2012.73 for ﬁnancial
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